Abstract. Using inverse positivity properties and Brouwer's xed point theorem, we derive existence and uniqueness results for certain nonlinear systems of equations with o diagonal nonlinearity. The type of systems considered arises from stable nite volume discretizations of viscous nonlinear conservation laws and has a wide range of applications.
1. Introduction Existence and uniqueness results for nonlinear systems of equations in R n with arbitrary right hand sides can be given only under structural restrictions to the system. One well understood class of systems in this respect has the structure B(u) + Au = f (1.1) where A is an M-matrix and B : R n ! R n is an isotone diagonal mapping OR70].
This type of systems arises e.g. from the nonlinear Poisson equation in semiconductor device simulation when discretized with nite volume methods Sel84, GLTZ89] . More general nonlinear systems of equations one can nd when numerically treating nonlinear heat transfer FH99] or porous media ow problems Ric31, Fuh97] . When discretized following certain rules, in each time step of the solution algorithm for these problems we have to solve a system of the form B(u) + A(u) + Q(u) = B(u 0 ) (1.2) with B being an isotone diagonal operator, Q(u) limited and A(u) being an operator with o -diagnal nonlinearities and certain structural properties.
In this paper, we prove existence and uniqueness results for (1.2), also for cases with degenerating B or A. The basic idea of the proof is the usage of estimates of inverse matrix norms from the Perron-Frobenius theory in Brouwer's xed point theorem.
The paper is organized as follows. In section 2 we prove a basic existence result using Brouwer's xed point theorem. Section 3 contains existence results based on L 1 -estimates and weakly row-wise diagonal dominance. Section 4 is devoted to existence and uniqueness considerations in the case of L 1 -estimates and weakly column-wise diagonal dominance. As the considerations in this paper are motivated by nite volume discretizations of initial boundary value problems for nonlinear parabolic partial di erential equations, we introduce algebraically the notation of a Dirichlet -problem and prove our results for this case as well. To illustrate what we have in mind, section 5 contains an example of a nite di erence scheme for a nonlinear parabolic problem in an one-dimensional domain. Finally, appendix A explains our notations, and for the convenience of the reader, collects some well known de nitions and implications of the Perron-Frobenius theory. Appendix B contains the formulation of a mean value theorem we often use.
A basic existence theorem
The following theorem is the basic building block of the theory developed in this paper.
2.1. Theorem. Let K 2 C(R n ; M (n)) and Q 2 C(R n ; R n ). The entries of ? I + K(u) ?1 are rational functions of the entries of I + K(u). Inverse positivity bounds them below by zero, and the norm estimate together with the explicit norm representation (A.4) bounds them from above. Hence for K 2 Z + r (n) respectively K 2 Z + c (n) these rational functions cannot have poles and need to be continuous. Thus the mapping L is continuous as well. As the balls fu 2 R n j jjujj < Q + g are convex, we can apply Brouwer's xed point theorem which ensures the existence of the desired xed point which at the same time admits the estimates (2.4a) and (2.4b), respectively.
3. Nonnegative row sums and L 1 estimates In this section, we generalize theorem 2.1 for the case of nonnegative row sums and L 1 -estimates. The nonlinear operators we have in mind here come from discretizations of nonlinear di usion problems by the nite volume method or by the nite element method with quadrature rules. An introductory example one nds in section 5. Having in mind the application of our theory in the framework of numerical methods for the solution of initial boundary value problems for partial di erential equations, we introduce here the notation of a Dirichlet problem. For simplicity, we do this strictly algebraically, as it can be done in numerical codes as well. The restriction of a nonlinear operator B : R n ! R n to I we denote by B I : R ! R I .
For simplicity, we introduce the follwing notation which is similar to the one used for partial di erential equations. Please note that everywhere we regard Dirichlet problems, we allow D to be the empty set.
3.2. De nition. Let B : R n ! R n be a diagonal operator, Q : R n ! R n be arbitrary and K : R n ! M (n) be a matrix valued function. Let u 0 2 R n and u d 2 R D be given vectors. We say that u is a solution of the Dirichlet problem
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3.5. Theorem. Let K 2 C(R n ; M (n)) and Q 2 C(R n ; R n ). Hence, by theorem 2.1, equation (3.8c) has a solution which can be estimated by (3.7). It is a solution of (3.4b) as well, and by de nition, it is a solution of the Dirichlet problem (3.3).
If D = ;, we can everywhere omit u d ; K ID and K D , thus obtaining the result also for this case. 3.9. Remark. Please note, that we did not demand any non-degeneracy condition for K(u). This allows to apply our result also in the case of degenerating di usion equations, where rows of K(u) can become zero.
Another case of degeneracy which occurs in saturated/unsaturated ow calculations Ric31] is covered by the next theorem.
3.10. Theorem. Let K 2 C(R n ; M (n)). For any u 2 R n assume K(u) 2 Z + r (n) (3.11a) As all operators involved continuously depend on u,û = u d u I necessarily is a solution of (3.12).
3.14. Remark. Unfortunately, using the type of estimates of this section, we are not able to prove uniqueness. At the other hand, in the case of theorem 3.10, for both degenerating B and K, we of course have to expect multiple solutions. 
Example: nonlinear diffusion in inhomogeneous domains
To motivate our considerations, we give a simple example. In the elds of nonlinear heat transfer and of porous media ow simulation, we have to solve numerically initial boundary value problems of the form A common way to discretize the nonlinear di usion term is the usage of the arithmetical mean of the solutions of the neigboring nodes: g m ( ; ) = d m ? + 2 ( ? ) If b m0 > b ? 0, for A and B, the conditions of theorem 3.10 are ful lled. Thus for arbitrarily large timesteps, the time step problems are solvable, and, furthermore, the estimate (3.13) yields the L 1 stability estimate jju jj 1 jju ?1 jj 1 : Please note, that d can become zero, thus allowing to consider degenerate di usion e ects. However, A is not of isotone ux type, and even in the case of strictly montone b we are not able to prove uniqueness. The practical experience however does not indicate that multiple solutions ar a problem in this case Further, we introduce some notations which are not usual, but we think they are useful in the context of this paper. We note that often there isn't paid attention to the di erence between row-wise and column-wise diagonal dominance. Appendix B. A mean value theorem Here, we state a mean value theorem which several times is applied in this paper. We are indebted to L. Recke for the hint to use this type of mean value problem within our considerations. B.1. Theorem. Let A : R n ! R n be G teaux di erentiable for any u 2 R n with the G teaux derivative A 0 (u). Assume A 0 2 C(R n ; M (n)). Then for any u; v 2 R n , the operatorÃ(u; v) de 
